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Abstract

In this paper, we introduce a new Algorithm for calculating Ado-
mian polynomials and present some example to show the simplicity of
the new Algorithm. The new Algorithm requires less computations in
comparison with the previous methods, and can be extended to calculate
Adomian polynomials for nonlinear functional with several variables.
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1 Introduction

The Adomian decomposition method[1-2] is a technique for solving functional
equations in the form:

u=f+G(u) (1)
In some functional space, say F. The solution u is considered as the summation
of a series, say;

U= i_o%un (2)

and G(u) as the summation of a series, say;

G(u) = iAn(uo,ul,...,un) (3)

Where A, ’s, called Adomian polynomials, has been introduced by the Ado-
mian himself by the formula

1 4 00
An(uo, Uty ... ,Un) = EW[G(Z ui)\i>])\:0 (4)
' i=0
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Other authors have suggested different Algorithm for computing Adomian
polynomials [3-6]. Using the Algorithm presented in Ref.[3], needs classifica-
tion of the terms w;, ¢ =0,1,2,...,n, which is very complicate for large n ’s.
Applying the Algorithm presented in [4], which uses Taylor expansion of the
functional G(u) , will be very complicated especially when the unknown func-
tion u, appears in the denominator. Calculation of n’th Adomian polynomials
using the technique in Ref.[5], requires to computing the n’th order derivative,
that will be complicated for large values of n . In spite of difficulties in apply-
ing the used method in [6], it could not be applied for functionals with several
variables. Here we suggest a new Algorithm, which seems to be more easier
than other methods introduced so far. This Algorithm can also be extended
for calculating Adomian polynomials in several variables. Some examples, will
illustrate how easy is the new Algorithm for implementation .

2 The new Algorithm

The following is the Algorithm for calculating Ag, Ay, ...., Ay:

Step 1: Input nonlinear term G(u) and n , the number of Adomian
polynomials needed.

Step 2: Set Ag = G(uo)

Step 3: For k=0ton—1do

Ak(uo, ..... , uk) = Ak(uo -+ ul)\, ..... , Uk + (k + 1)uk+1)\)
{in Ap:u; — u;+ (G4 Dui A for i=0,1,.. k}
Step 4:Taking the first order derivative of A, , with respect to A, and then let
A=0:

d
aAkhzo = (k+1)Aps.

End do
Step 5:  Output Ay, Ay, ...., A, .

According to the above Algorithm, Adomian polynomials will be computed as
follows:

AO = G(UO>,
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A= %G(uo +urd) x=0 = w1 G (uo),

AQ = di)\((Ud + QUQ)\)G/(UO + Ul/\))|)\:0 = UQG/(U()) + Z—?G”uo),

N[

(ug + 3usA)G' (ug + u1)\) o (u1 + 2usX)2G (g + w1 A)) a0 =

— li(
3dx
usG' (ug) + wrua G’ (ug) + ulG (up),
Ay = 1L ((ug + 4ug\) G (ug + wrA) + (ug + 2u2) (us + 3usA) G (ug + urA) +

(Ul + QUQ)\)BGW(UO + Ul/\))|)\:0 == U4G/(UO) + (U1U3 + %%)G”(Uo) +
ulug G///( ) %G4(UO) 7

Continuing this course, we can get the other Adomian polynomials .

3 Application of the new Algorithm
Here we apply the above Algorithm to some nonlinear operators functionals.
Example 1:(The case of nonlinear polynomials)
G(u) = u® +u*
Now by applying the new Algorithm we get

Ay = uo + ug,
A1 ((Uo + Ul/\) (Uo + Ul/\)4)|)\:0 = 3u1u(2) + 4u1u8 s

A2 = %%(3(’&1 + 2U2)\) (U() + Ul)\) + 4(%1 + 2U2)\) (UO + Ul/\)3)|)\:0 =
Sugud + 3ugui + dusud + 6udu? |

Az = $2(3(up + 3ug)) (ug + u1A)? + 3(uo + wiA) (ug + 2us)? + 4(uz + us\)
(o + urA)® + 6(ug + ur N)? (ug + 2uzA)?)|x=0 = 3uzud + 6uguius + dusuf +
12uduyug + dugus + uj,

>

While by corresponding method presented in [3], one must calculate
(ug + uy + us + ug + ...)3%, (ug + uy + us + uz + ...)* and reorder the terms in
index, to obtain Adomian polynomials.

Example 2:( Case of nonlinear derivatives)
Consider G(u) = u?u,, According to the new Algorithm :

AO :G(Uo) = UgUOm,
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A1 = %((Uo + ul)\)Q -+ (Uog; + uu)\))\,\:o = 2u0u1u0x -+ ugulx,
AQ = (Q(UO —+ ul)\) (Ul —+ 2u2/\)(u0m + Ulm/\) + (Uo + Ui /\)Q(UM + 2U2x/\)) |)\:0 =

1d
2 dx
Uoe + 2UgUsUo, + 2UgU1 U1, + uou%,

uf
Ag = 3d/\((u1 + 2U2)\) (UOI + le)\) =+ 2(U0 + ul)\)(UOI + le)\)(UQ + 3U3)\) +

2(U0 + ul)\) ('Lbl + QUQ)\) ('Lblx + QUQI)\> + (UQ + ul)\)Q(uh + 3U3I)\))‘)\:0 =
2u1 U, + 2UgUsUos + 2UgUaliyy + 2UgUyUsy + UTUL, + UdU3,,

Ay = ufuop+2ur Ust 42U Ugloy + 2o UsUoy + 2o Uz U+ 20Uy Uy +2UgUs Uy +
2 2
UHUOg + UHU4g,

Example 3:( Case of hyperbolic and trigonometric nonlinearity)

G (u) = sinhu + sin® u cos® u

By using the new Algorithm,the Adomian polynomials for G(u) are given as:

Ay =G (uo) = sinh ug + sin? ug cos? uy,
A = (smh(uo + uA) + sin®(ug + ugA)cos®(ug + ugA))|a=o = uy coshugy +
2u1 sin ug cos® uy — 2w sin® g cos uy,

Ay = %% ((u1 +2us ) cosh (ug +ur\) 4+ 2(uy + 2us ) sin(ug +ug A) cos® (ug +ug \)
—2(u1 + 2ug\) sin® (ug + ur \) cos(ug + ur\))|amo =
2
us cosh ug + 5+ sinh g + uf cos* ug — 6uf sin® ug cos® ug + 2us sin ug cos® ug +

u% sin? ug — 2uq sin® ug cos U,

Ag = %%((ug + 3ug) cosh(ug + u1A) + ("ﬁgﬂ sinh(ug + ui\) +
(uy + 2us\)2cost (ug +ur X)) — 6(u1 + 2ug\)2sin? (ug + ug\) cos? (ug +ur \) +
2(ug + 3uz) sin(ug + ugA) cos®(ug + ug\) + (ug + 2ug)? sin (ug + ug ) —
2(uy + 3us\) sin® (ug + ur\) cos(ug + u\))|amo =

u3 cosh ug + ujus sinh ug —|— cosh Uy — §6u1 cos® U Sin uo + 2uqug cos? uo +

1—;‘u:{’ sin® uo cos ug — 12uquy sm g €082 U+ 2us sin ug cos® ug + 2uqug sin ug

— 2ug sin® ug CcoSUy,

Example 4:(Case of exponential and logarithmic nonlinearity)

G(u) =e" + Inu

By using the new Algorithm, for calculating the Adomian polynomials for
G(u) = e* + Inu , we have:
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G(up) = €" + Inuy,
ax(

A1 (e (wotuid) 1 I (ug 4+ ur ) [amo = ure™ + b
u U U Ui u 7
Ay = 1L ((uy + 2up\)eotd) 4 %)h:o = use™ + suie™ + == %—%
U u, u U 2
Ag = 3 (uat3us el V43 (w4 2up) et rtiing) - Gutheir)| ) =

U3 + Uyuge™ + guieto U — My éZé,
4. Extension of the new Algorithm for calculating Adomian
polynomials in several variables:

Now, this new approach for computing Adomian polynomials can be applied
to functionals with several variables. Let we are concerned with a system of
nonlinear equations  u; = f; + IV; 1=1,2,...,p

Where N;(uq,us, ..., u,) are nonlinear operators and u;, N; are represented as
the summation of the following series:

00
U; = Z uij)\]
Jj=0

00
. . . DY
Nl(ul,ug,..., Z ij ulo,...,ulj,ugo,...,ugj,....,upo,...,upj))\ y

The following Algorithm calculates Adomian polynomials A, A1, -..., Ain:

Fori=1,2,....,p do

Step 1: Input nonlinear term N;(uq, uz, ..., u,) and n , the number of Adomian
polynomials needed.

Step 2: Set A;g = N;(u10, U20, -+, Upo)

Step 3: For k=0ton—1do

Aik(ulo, vy Ulkey oeovey UpOy oeey upk) =
Aik(ulo -+ un)\, oy Utk -+ (k -+ 1)u1k+1)\, ooy Upo -+ Upl)\, ooy Upk -+ (k -+ 1)Upk+1)\)
{in Azk‘ Uz — Uy + (j + ]-)uij-‘,-l/\ for j = 0, ]_, ceey k }

Step 4: By taking, first order derivative of A;, , with respect to A, and let
A =0, we have :

d
aAik’)\:O =(k+1)Aj41.

End do
End do
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Step 5: Output AiOa Aila vy Aln .

4.1 Two variables (p=2):
By using the new Algorithm, the Adomian polynomials for the following system
of two functional equations can be computed:

u = fi +N;
U = fo + Ny

Aip = Ni(”lo: U20):

An = di)\(Ni(UIO U\, ugo + u2\))a=o = UngTNf(Ulo, ug0) + UmgTN;(Ulo, ),

Aip = %di((uu + 2U12/\) (Ulo + w11 A, ugo + U21/\) (ug1 + 2ug)

D (uyg + unn A, ugo + U21/\))|>\ 0 = upd ous " (w0, ugo) + U2237]V;(U107U20) +

2 92N 2 92N 92N,
2011 G2 (U10,U20) + 2.“21 o2 L (w19, ugo) + U11U21—3u13u2( U10, Uso),

u2
1
Aig = %((ulz + 3U13)\) (Ulo + ull)\ Uo0 + Ugl)\) (u22 + 3U23)\)
7 (U10+U11/\ UQO+U21/\) (UH +2u12)\) (u10+u11)\ UQ()‘f‘Ugl)\)
(U21 + 2U22/\) (Ulo + u A, ugo + un A) + (Un + 2u1a) (u21 + 2ug2 )

3212;2 (w10 + ur1 A, U20 + un))|r=0 =

w13 G (W10, Uz0) + 23 G (w0, zo) + wrntiso 8N (10, uzo) +

92N, 92 92
Ug1U2275,2 2 (U10, Uz0) + Uu”mm(ulm Uso) + ull”QZm(“lO: ug) +

8 9%N; 3 93N,
2.U11U214—3u23u (10, ug0) + guglun Burou] (10, ug0) + 3.U11 a3 (10, ug0) +

31' u%l %u (U10, U20)

To illustrate the application of the method for two variables, here an example
is presented .

Example 6: Let N(u,v) = uvv, , by applying the new Algorithm we get
Ao = N (ug, vo) = UV,

Al = %((UO + Ul)\) (Uo + Ul)\) (on + le)\))’)\:() = U1VVpgz + UgU1Vpg + UoVoV1g,
Ay = 20 ((ug+2uz\) (vo + V1) (Vor + 012 A) + (g +ur A) (01 + 2020 (Vo +V1A) +
(uo + urA) (Vo + V1) (V1 + 202, 0) ) [az0 = U2VV0z + ULV, + UeV2V0, +

UVoV1e + UgV1V1z + UVoV2s,

Ag = 3 P5Y ((UQ +3U3)\) ('UQ +1)1 )\) ('on —|—U1x}\) + (u1 +2U2)\) ('Ul +2'U2)\) ('on —|—U1x}\> +
(wo + urA) (V2 + 3v3A) (Voz + V12A) 4 (w1 + 2u2\) (Vg + V1) (V1 + 209, N) +
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(u0+u1)\) (Ul +2U2)\) (le+2v2x)\)+(uo+u1)\) (U0+U1)\) (’U2x+3?]31)\))‘)\:0 =
U3VeVoz + UoV1Voe + UgVU3Voz + UoVoVU1x + ULV1V1z + UgUaU1s + UVVo, +
UpV1 V2 + UgUgVU3s: + UTV2V0y,

4.2 Three variables (p=3):

Using the new Algorithm, the Adomian polynomials for N;(uy,us, uz) Where
uy, Uz, uz, IN; are represented by series:

u; = Zuij)\j for 1=1,2,3,
=0

o
u 0 U145, Ugp U4, U3p u3‘))\j
Z] 105 -+ 1]7 AR J o VAR ]

are thus given by
Ajo = Ni(uio, uz0, uszo0),

Ap = %(Ni(ulo + U1\, Ugo + un A, uzo + Uz \)) a0 = UngTNf(Um,Um,U:ao) +

ON; ON;
U21W;(u10, U20, U30) + U31W§(U107 U20, U30),

Ajp = %%((Ull + QU12)\) (Ulo + w1 A, ugo + Ui A, Uzo + uziA) + (u21 + 2uz2)
8N’ (mo + U11)\, U9 + U21)\a Ugo + U31)\) (U31 + 2u32)\)
8 (w10 + w1, ugo + Ui\, ugo + uziA))[r=o = “1237]\[;(%0’ Uz0, Uzo) +
(o 3572 (10, U0, Uz0) + Uz gff (w10, 20, u30) + zuu%laazﬁv (10, 20, us0) +

1,2 92N, 2 92N,
2U21 52 L (w10, Ugo, Usgo) + 2.”31 uZ L (w10, Ugo, Ugo) +

9%N; 9%N;
2!U11U21 Dus 0 (10, u20, Us0) + 2!U11U31 Bus 0us (10, U20, U30) +

1 8%N;
21 U21U31 5,5, (w10, u20, us0)

Continue this course, we can get the Adomian polynomials for any p-
variables functional operator.

4 Discussion

The Adomian decomposition method is a powerful device for solving a large
class of nonlinear problems in sciences.The main part of this method is cal-
culating Adomian polynomials for nonlinear polynomials. In this paper, we
introduced a new Algorithm for calculating Adomian polynomials. The main
specification of this Algorithm is no requirement to complicated calculations.
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This Algorithm is very easy to implement, because it uses first order derivative,
once. In each step to obtain the Adomian polynomials and will be extended to
calculate Adomian polynomials for nonlinear functionals of several variables.
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