Problem

Solve u; = ug, with boundary conditions u (—1,t) = 0,u (1,¢) = 0 and initial conditions u (x,0) = f ().
Solution

Let w = X ()T (t). By separation of variables we obtain the following two ODEs. The spatial ODE is

X" (x)+ XX (z)=0 (1)
X(-1)=0
X(1)=0
And the time ODE
T () + AT =0 (2)

We can quickly see that A > 0 is only possible case. Hence solution to (1) is

X (x) = Acos (ﬁx) + Bsin (ﬁx) (2A)

Applying boundary conditions X (—1) = 0 gives

0= Acos (—ﬁ) + Bsin (—\f/\)
= Acos VA — BsinvV\ (3)

Applying boundary conditions X (1) = 0 gives

0= Acos VA + Bsin VA (4)
(Vs i) ()= () )

cos \F/\ —sin \A
cos VA sinvA

cos VAsin VA + cos VAsin VA = 0
QCOS\/XSin\/X:O
cos V Asin (ﬁ) =0

(4),(3) give the system

For non-trivial solution we want

=0

But cos v/ \sin (ﬁ) = %sin (2\&), hence %sin (2\&) =0or 2VA=nn forn=1,2,---. Therefore

Each eigenvalue has associated eigenvector. For n = 1, (5) becomes

cosg —sing A1 _ (0
cos (g) sin (g) B/ \O
0 -1\ (A1) (O
0 1 By} \0
First equation gives —B; = 0. Hence B; = 0 and A; can be anything. Hence first eigenfunction from (24) is

X (z) = Aj cos (gx>

For n = 2 (5) becomes



is

(o i) ()= (0)
(5 o) ()=o)

First equation gives —As = 0. Hence As = 0 and By can be anything. Hence second eigenfunction from (2A)

X (z) = Basin (nz)

We continue this way and find that for n = 1,3,5,--- the eigenfunctions are
X, (z) = A, cos (ngac)

And for n = 2,4,6,--- the eigenfunctions are
X, (x) = By sin (n%x)

Therefore the spatial solution is

X (z) = i A,, cos (ngx) + i": B,, sin (n%x)

n=1,3,--- n=24,---
= Z A, cos (\/Ex) + Z B,, sin (@x)
n=1,3,-- n=2,4,---

The solution to the time domain ODE is T (t) = e~*»!, therefore the complete solution is

up (x,t) = X,, T,

e}
u(x,t) = Z X T,
n=0

i A,, cos (mz> e Ant o i B, sin (\/xl) o~ Ant

n=1,3, n=2,4,---

To find A,,, we apply orthogonality. At ¢ =0. For n=1,3,--- case

f(z)= i A,, cos (@x)

n=1,3,---

[ rereon (Vis)as= [ (3 o (Vaun) con (V)

—1 n=1,3,--

=A, /1 cos? (\/ﬂx> dx

-1

:Am

To find B,,, we apply orthogonality. At ¢t =0. For n = 2,4,--- case



i Bn sin (@x)

n=24,-

Hence the solution is

u (z,t) Z A, cos(fx) —Ant i anm(\/xz)ef)\nt

= n=2,4,--

V=2 p=1,2--

2

/ COS ;U)dx n=13,5---

3

Ay

,_.

1
sm x)dw n=246,:--

To verify
Example 1 here is solution for f (z) = 1 — 22 which satisfies boundary conditions. Using this we find

An/1 (17x2)cos(\/)\7nx)d:c n=1,3,5,---
-1
= (;71?3 (mrcos (%T) — 2sin (n%r))

And

/ 1—x sm \/ x) n=246,---
0
Hence analytical solution (6) is

Z A, cos(\/>7rx) Ant

n=1,3,-

A, = (_1)63 (mrcos (%) — 2sin (%))
nm
V= % n=1,3,5,--

Example 2 f (z) = (1 — xg) 2 which satisfies boundary conditions. Using this we find

1
to= [0y (Vi) e =185

=0
And



1
Bn:/l(l—xQ)xsin< /\na:)da: n=246,---
= 1?4 (67” Cos (n27r> + (712 + n27r2) sin (%))

(nm 2

Hence analytical solution (6) is

o0
u(z,t) = Z anin( )\,mx) e At

n=2,4,---
-1
B, — 764 <6mr cos (ni) + (—12 4 n®x?) sin (mr))
(nm 2 2
Vo, =2 =94,

Example 3
f(x) = (1 —2?)(z + 1) which satisfies boundary conditions. Using this we find

1
An:/ (1—9132)(:13—&—1)Cos(\/xilf)dﬂ’j n=135--
—1

= (;71?3 (mr cos (%) — 2sin (%))

And

1
Bn:/ (1_372)(1‘—{—1)8111 (\/ECC) dx n:2,4,6,"'
—1
—16

= 7)4 (6n7r cos (%) + (—12 4 n*n?) sin (%))

(nm

Hence analytical solution (6) is

u(e,t) = i An COS(\/Ex) e Mt 4 i B, sin (\/Ex) ¢~ Ant

n=1,3,--- n=24,---
—16 nmw .o/nm
An = W (mr COS <7) — 2sin (7))
—16 nmw 9 o\ . [(NT
B, = T (Gmrcos (—) + (712 +n°r ) sin (—))
An:%” n=1,2,3,-



