Solve the heat equation u; = ku,, with periodic boundary conditions u (¢, —7) = u (¢, ), u, (t, —7) =
Uy (t,7)

Solution
Using separation of variables, Let u (z,t) = T () X (). Substituting this into u; = kg, gives T'X = TX".
Dividing by XT # 0 gives
17 X7
KT X T
Where X is the seperation constant. This gives the following ODE’s to solve
X" (z)+ XX (x) =0
T (t) + AT () =0
Where A is the separation constant. Eigenfunctions are solutions to the spatial ODE.
X (2) = creV N 4 cpe™V AT (1)
To determine the actual eigenfunctions and eigenvalues, boundary conditions are used. Starting with the
spatial ODE above, and transferring the boundary condition to X, it becomes
X" (z)+ XX (x) =0
X (=m) = X ()
X' (=m) = X' ()
This is an eigenvalue boundary value problem. The solution is
X (2) = cre¥V ™ 4 coe™ VAT (1)
case A <0

Since A < 0, then —\ is positive. Let 4 = —\, where p is now positive. The solution (1) becomes
X (x) = c1eVFT 4 e VHT
The above can be written as
X (z) = ¢1 cosh (/pux) + co sinh (\/pz) (2)
Applying first B.C. X (—7) = X (7) using (2) gives
¢1 cosh (y/um) + cg sinh (—/pm) = ¢1 cosh (/) + co sinh (y/p)
¢z sinh (—\/pm) = cg sinh (\/pm)

But sinh is only zero when its argument is zero which is not the case here. Therefore the above implies
that co = 0. The solution (2) now reduces to

X (x) = ¢1 cosh (y/ux) (3)
Taking derivative gives
X' (z) = e1y/psinh (y/uz) (4)
Applying the second BC X' (—m) = X' (7) using (4) gives
c1y/psinh (—/pm) = ¢1y/wsinh (/uz)

But sinh is only zero when its argument is zero which is not the case here. Therefore the above implies
that ¢; = 0. This means a trivial solution. Therefore A < 0 is not an eigenvalue.

case A =0
In this case the solution is X (z) = ¢; + cox. Applying first BC X (—7) = X (7) gives

C1 — CoT = C1 + CoT

—CoT = CTt



This gives co = 0. The solution now becomes X (x) = ¢; and X’ (z) = 0. Applying the second boundary
conditions X’ (—m) = X' (7) is not satisfies (0 = 0). Therefore A = 0 is an eigenvalue with eigenfunction
X (0) =1 (selected ¢; =1 since an arbitrary constant).

case A >0
The solution in this case is
vz

=1V 4 cge”

Which can be rewritten as (the constants ¢1, ¢ca below will be different than the above ¢, co, but kept the
same name for simplicity).

X (z) = ¢ cos (ﬁx) + ¢9 sin (\F/\x) (5)
Applying first B.C. X (—7) = X (7) using the above gives
€1 COS (\/XTF) + co sin (—\577) = ¢1 COS (\/Xﬂ') + co sin <\/X7T>

Co sin <—\/X7T) = ¢o sin (\f)\w)

There are two choices here. If sin (—\/Xﬂ') # sin (\/Xﬂ'), then this implies that ¢y = 0. If sin (—\/Xﬂ') =
sin (\[\W) then cg # 0. Assuming for now that sin (—ﬁﬂ) = sin (ﬁﬂ) Then happens when v Ar =
nm,n=1,23,---, or

Ap=n% n=123---

Using this choice, we will now look to see what happens using the second BC. The solution (5) now
becomes

X (z) = ¢1 cos (nx) + co sin (nx) n=123---
Therefore
X' (x) = —cynsin (nz) + can cos (nx)

Applying the second BC X' (—m) = X’ (7) using the above gives

cinsin (nm) 4+ cancos (n) = —cyinsin (nm) + can cos (n)
cinsin (nr) = —c¢ynsin (nr)
0=0

Since n is integer. Therefore this means that using \,, = n? will satisfy both boundary conditions with
¢o # 0,¢1 # 0. This means the solution (5) becomes

X, (z) = A, cos (nx) + By, sin (nz) n=123,---
The above says that there are two eigenfunctions in this case. They are
cos (nz
X, () = { o5 ()
sin (nz)
Since there is also zero eigenvalue, then the complete set of eigenfunctions become

1
X () =1 cos(nz)
sin (nx)
Now that the eigenvalues are found, the solution to the time ODE can be found. Recalling that the time

ODE from above was found to be

T (t)+ kT (t) =0



For the zero eigenvalue case, the above reduces to T’ (¢) = 0 which has the solution Tj (t) = Cp. For non
zero eigenvalues \,, = n?, the ODE becomes T" (t) + n?T (t) = 0, whose solution is T (t) = Cpe=kn’t,

Putting all the above together, gives the fundamental solution as
Co
up (x,t) =< O, cos (nx) e—kn?t n=123,---
B, sin (nx) e—kn’t n=123---
Therefore the complete solution is the sum of the above solutions
o0
ula,t) =Co+ Y e (T, cos (nz) + By, sin (nx))
n=1

The constants Cy, C),, B, can be found from initial conditions.



