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Capture Recapture

Raw data

With ‘1’s and ‘0’s
0 0 1
0 1 0
0 1 1
1 0 0
1 0 1
1 1 0
1 1 1
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Mixture Model

Cormack–Jolly–Seber Model (not a mixture)

Notation: (Pledger et al., 2003)

K length of study

φj probability of survival between time j and j + 1

pj probability of recapture at time j

fi first capture time

`i last capture time

Pr(CHi ) =
K∑

d=`i


d−1∏

j=fi

φj

 (1− φd)

 d∏
j=fi+1

p
xij
j (1− pj)

1−xij
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Mixture Model

Allowing for heterogeneity

A mixture version of Pr(CHi ) is given by:

K∑
d=`i

C∑
c=1

wc

d−1∏
j=fi

φjc

 (1− φdc)

 d∏
j=fi+1

p
xij
jc (1− pjc)1−xij


where wc are the weights from each group C . We define φjc and
pjc to be φj and pj from group c respectively.
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Mixture Model

How to model the pjc (or φjc) parameters?

log

(
pjc

1− pjc

)
= µp + τpj + ηpc

µp overall average

τpj time component

ηpc heterogeneous component

Other link functions are possible, e.g, a linear link function.

We use {φ(·), p(t + hC )} to denote a model that is constant in φ,
heterogeneous and time–varying in p and use {[φ(·), p(t + h)]C} to
denote a model that is constant in φ, time–varying in p, and
heterogeneous in both φ and p. (Pledger et al., 2003)
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Parameter Redundancy

Another example: {φ(t), p(t + h2)}

For K = 3, can you spot which parameters are estimable and
which aren’t?

> > 

> > 

> > 
> > 

(2(2

(1(1

restart:
read "mixmodelcc_crr.c":
read "mylazy.c":
read "mixmodelsscc_crr.c":

kappa:=mykappa(3,2,hp,tvarp,tvarphi);

κ :=

1

w1 1Kφ2Cφ2 1KμpKτp3 C 1Kw1  1Kφ2Cφ2 1KμpKτp3Kηp2

w1 φ2 μpCτp3 C 1Kw1  φ2 μpCτp3Cηp2

w1 1Kφ1Cφ1 1Kμp  1Kφ2 Cφ1 1Kμp  φ2 1KμpKτp3 C 1Kw1  1Kφ1Cφ1 1KμpKηp2  1Kφ2 Cφ1 1KμpKηp2  φ2 1KμpKτp3Kηp2

w1 φ1 1Kμp  φ2 μpCτp3 C 1Kw1  φ1 1KμpKηp2  φ2 μpCτp3Cηp2

w1 φ1 μp 1Kφ2 Cφ1 μp φ2 1KμpKτp3 C 1Kw1  φ1 μpCηp2  1Kφ2 Cφ1 μpCηp2  φ2 1KμpKτp3Kηp2

w1 φ1 μp φ2 μpCτp3 C 1Kw1  φ1 μpCηp2  φ2 μpCτp3Cηp2

simplify(kappa);

1

ηp2 φ2 w1Kηp2 φ2Kμp φ2Kφ2 τp3C1

Kηp2 φ2 w1Cηp2 φ2Cμp φ2Cφ2 τp3

Kηp2

2
 φ1 φ2 w1K2 ηp2 μp φ1 φ2 w1Kηp2 φ1 φ2 τp3 w1Cηp2

2
 φ1 φ2C2 ηp2 μp φ1 φ2Cηp2 φ1 φ2 τp3Cηp2 φ1 φ2 w1Cμp

2
 φ1 φ2Cμp φ1 φ2 τp3Kηp2 φ1 φ2Cηp2 φ1 w1Kμp φ1 φ2Kφ1 φ2 τp3Kηp2 φ1Kμp φ1C1

ηp2

2
 φ1 φ2 w1C2 ηp2 μp φ1 φ2 w1Cηp2 φ1 φ2 τp3 w1Kηp2

2
 φ1 φ2K2 ηp2 μp φ1 φ2Kηp2 φ1 φ2 τp3Kηp2 φ1 φ2 w1Kμp

2
 φ1 φ2Kμp φ1 φ2 τp3Cηp2 φ1 φ2Cμp φ1 φ2Cφ1 φ2 τp3

ηp2

2
 φ1 φ2 w1C2 ηp2 μp φ1 φ2 w1Cηp2 φ1 φ2 τp3 w1Kηp2

2
 φ1 φ2K2 ηp2 μp φ1 φ2Kηp2 φ1 φ2 τp3Kμp

2
 φ1 φ2Kμp φ1 φ2 τp3Kηp2 φ1 w1Cηp2 φ1Cμp φ1

Kηp2

2
 φ1 φ2 w1K2 ηp2 μp φ1 φ2 w1Kηp2 φ1 φ2 τp3 w1Cηp2

2
 φ1 φ2C2 ηp2 μp φ1 φ2Cηp2 φ1 φ2 τp3Cμp

2
 φ1 φ2Cμp φ1 φ2 τp3
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Parameter Redundancy

Another example: {φ(t), p(t + h2)}

For K = 3, can you spot which parameters are estimable and
which aren’t?
Expanding brackets

> > 

> > 

> > 
> > 

(2(2

(1(1

restart:
read "mixmodelcc_crr.c":
read "mylazy.c":
read "mixmodelsscc_crr.c":

kappa:=mykappa(3,2,hp,tvarp,tvarphi);

κ :=

1

w1 1Kφ2Cφ2 1KμpKτp3 C 1Kw1  1Kφ2Cφ2 1KμpKτp3Kηp2

w1 φ2 μpCτp3 C 1Kw1  φ2 μpCτp3Cηp2

w1 1Kφ1Cφ1 1Kμp  1Kφ2 Cφ1 1Kμp  φ2 1KμpKτp3 C 1Kw1  1Kφ1Cφ1 1KμpKηp2  1Kφ2 Cφ1 1KμpKηp2  φ2 1KμpKτp3Kηp2

w1 φ1 1Kμp  φ2 μpCτp3 C 1Kw1  φ1 1KμpKηp2  φ2 μpCτp3Cηp2

w1 φ1 μp 1Kφ2 Cφ1 μp φ2 1KμpKτp3 C 1Kw1  φ1 μpCηp2  1Kφ2 Cφ1 μpCηp2  φ2 1KμpKτp3Kηp2

w1 φ1 μp φ2 μpCτp3 C 1Kw1  φ1 μpCηp2  φ2 μpCτp3Cηp2

simplify(kappa);

1

ηp2 φ2 w1Kηp2 φ2Kμp φ2Kφ2 τp3C1

Kηp2 φ2 w1Cηp2 φ2Cμp φ2Cφ2 τp3

Kηp2

2
 φ1 φ2 w1K2 ηp2 μp φ1 φ2 w1Kηp2 φ1 φ2 τp3 w1Cηp2

2
 φ1 φ2C2 ηp2 μp φ1 φ2Cηp2 φ1 φ2 τp3Cηp2 φ1 φ2 w1Cμp

2
 φ1 φ2Cμp φ1 φ2 τp3Kηp2 φ1 φ2Cηp2 φ1 w1Kμp φ1 φ2Kφ1 φ2 τp3Kηp2 φ1Kμp φ1C1

ηp2

2
 φ1 φ2 w1C2 ηp2 μp φ1 φ2 w1Cηp2 φ1 φ2 τp3 w1Kηp2

2
 φ1 φ2K2 ηp2 μp φ1 φ2Kηp2 φ1 φ2 τp3Kηp2 φ1 φ2 w1Kμp

2
 φ1 φ2Kμp φ1 φ2 τp3Cηp2 φ1 φ2Cμp φ1 φ2Cφ1 φ2 τp3

ηp2

2
 φ1 φ2 w1C2 ηp2 μp φ1 φ2 w1Cηp2 φ1 φ2 τp3 w1Kηp2

2
 φ1 φ2K2 ηp2 μp φ1 φ2Kηp2 φ1 φ2 τp3Kμp

2
 φ1 φ2Kμp φ1 φ2 τp3Kηp2 φ1 w1Cηp2 φ1Cμp φ1

Kηp2

2
 φ1 φ2 w1K2 ηp2 μp φ1 φ2 w1Kηp2 φ1 φ2 τp3 w1Cηp2

2
 φ1 φ2C2 ηp2 μp φ1 φ2Cηp2 φ1 φ2 τp3Cμp

2
 φ1 φ2Cμp φ1 φ2 τp3


